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Abstract

The problem of non-isothermal quasi-steady state evaporation and condensation of aerosol spheres
is examined to determine the rates of simultaneous heat and mass transport in the Knudsen (transition)
regime. New expressions for the mass and heat fluxes are obtained that show explicitly the dependence of
the rate processes on the Knudsen number, the accommodation coefficients for mass and energy transport
and on the molecular weight ratio of the vapor and gas molecules. The analysis, based on the solution of
the Boltzmann equation by the method of Grad for Maxwellian molecules, is shown to yield results in the
continuum regime (Kn<1) in reasonable agreement with classical methods based on continuum theory
and with measured water droplet evaporation rates in dry air. Computations of heat and mass transport
rates for ice sublimation for upper tropospheric and stratospheric conditions for sizes that correspond
to the continuum and transition regimes show that the process is very nearly isothermal. Parametric
studies explore the effects of temperature, humidity and accommodation coefficients on the heat and
mass transport processes. Although the method of Grad is known to fail in the free-molecule regime,
the results agree with more rigorous theoretical solutions for isothermal processes in the near-continuum
regime and with an earlier solution for hard sphere molecules in the near-continuum regime. It is shown
that flux-matching or resistance models used for the transition regime do not show the correct dependence
on the Knudsen number and other parameters. (¢) 2001 Elsevier Science Ltd. All rights reserved.

Keywords: Accommodation coefficients; Boltzmann equation; Knudsen regime; Ice sublimation; Method of Grad,
Non-isothermal transport

1. Introduction

Droplet evaporation and condensation processes have received a great deal of attention since
Maxwell (1878) analyzed quasi-steady state diffusion-controlled evaporation from a wet bulb.
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Wagner (1982) and Kulmala and Vesala (1991) reviewed the literature associated with conden-
sation in the continuum regime. Barrett and Clement (1988) reviewed the theories of heat and
mass transport for the continuum and free-molecule regimes, and they proposed an interpola-
tion formula for the intermediate or transition regime. These regimes are characterized by the
Knudsen number, Kn, which is the ratio of the mean free path of the diffusing species, /, to the
droplet radius, R, that is, Kn = //R. The limiting cases of continuum theory and free-molecule
theory apply for Kn — 0 and Kn — oo, respectively.

At normal atmospheric pressure the mean free paths of gas and vapor molecules are much
smaller than a micrometer, and evaporation/condensation processes for micrometer-size aerosols
are in the continuum regime. If relatively non-volatile substances are involved, the mass transport
process is slow compared with the rate of heat transfer between the droplet and the surround-
ings. In this case the process proceeds nearly isothermally, but rapid evaporation/condensation
is a non-isothermal process. At the lower pressure of the upper troposphere heat and mass trans-
fer processes associated with micrometer-size droplets or ice particles occur in non-continuum
regimes, and simultaneous heat and mass transfer processes in the transition regime are poorly
understood. It is the objective of this study to apply gas kinetic theory to develop expressions
for simultaneous heat and mass transfer in the transition regime.

For the mass flux of the diffusing species in the continuum approximation, jeon, Maxwell’s
result may be written as

oot = _47717'2 _ Diom (1e — 1o = Diom, <Pls ploo> _ Dumipiy, ( Pis _ o) ’
TR R R Rk DYoo

kT kT

(1)
in which m is the rate of mass loss or gain of vapor, R is the sphere radius, D, is the diffusion
coefficient of vapor (species 1) in the surrounding bath gas (species 2), m; is the mass of a
vapor molecule, n;5 and n;,, are the number densities of vapor molecules at the droplet surface
and in the bulk gas, respectively, and p;s and p; are the partial pressures of vapor at those
locations. The local saturation ratio in the bulk gas, o, is defined by ¢ = pio/pj,,, Where
DY 1s the saturation vapor pressure at the bulk temperature, 7.,. For an isothermal process
Pis = Ploo = Ploo-

In the development of Eq. (1) it is assumed that the partial pressure of the diffusing species
is small compared with the total pressure, that is, the Stefan flow due to the net motion of the
gas/vapor mixture is negligible. We shall make that same assumption in the analysis developed
below. Wagner (1982) and Barrett and Clement (1988) presented approximate solutions taking
into account Stefan flow.

In the limit Kn> 1, the so-called free molecule regime, the mass flux is described by

Jim = Fomi(Cisnis — CrooMioo)
mi CisP1s  ClooPloo cim Pl PisT
= — — ~ — 2
g™ < kT, KT ) T M\ po_1. ") 2)

where oy is the mass accommodation coefficient, and ¢; is the mean molecular speed of the
vapor molecules defined by

C-1 =\ 8kT/TC7’I’l1. (3)
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Eq. (2), developed from the kinetic theory of gases, is based on the assumption that the evap-
oration coefficient and the condensation coefficient are equal, that is, o = ot = 0. Tompson and
Loyalka (1986) applied a more rigorous analysis to analyze condensation on a sphere in the
free-molecule regime.

Egs. (1) and (2) must be coupled to appropriate energy equations, for the energy associated
with the phase change at the droplet surface must be transferred to or from the surrounding
gas. For the continuum regime the simplest theory for the heat flux, ¢, between a stagnant gas
and the particle yields

im ky
g =y = 2T, - T), “)

where 4 is the latent heat, and k, is the gas thermal conductivity. Since the interfacial partial
pressure is a non-linear function of the temperature, Eqs. (1) and (4) are coupled non-linearly.
We have neglected radiant energy transfer, but it can be included in Eq. (4).

The special case of isothermal evaporation/condensation for the transition regime (also called
the Knudsen regime) was first analyzed by Fuchs (1934) using a flux-matching approach that
has the features of a resistance model. Fuchs recognized the difficulty associated with solving the
Boltzmann equation to describe aerosol evaporation and condensation processes in the transition
regime. He assumed that in the region near the droplet surface free-molecule theory can be
applied, but beyond that region continuum theory was used. He matched the fluxes determined
from the two theories at some distance of the order of the mean free path from the droplet
surface. The flux-matching approach and interpolation formulas recover the limiting cases of
continuum theory and free-molecule theory, but there is no fundamental reason for them to
fit the transition regime. One objective of this study was to determine if flux-matching or
resistance models yield a theoretically sound dependence on the Knudsen number and other
system parameters.

Barrett and Clement proposed a simple interpolation formula for transport in the transition
regime based on a flux-matching procedure. Their result also has the form of a resistance model
that contains resistances associated with mass diffusion, mass kinetic transfer, heat conduction
and energy kinetic transfer. They pointed out that for the transition regime “Accurate treatment
requires solution of the Boltzmann equation which cannot be done using a Chapman—Enskog
expansion as this fails at low densities”. In the limiting case of isothermal evaporation with no
radiant energy transfer their equation reduces to

. (1-0)
"~ (R/Diamineg + 4/omCroomine)’

This result may be written in a more enlightening form by using kinetic theory to relate the
molecular speed and the diffusivity. For example, using the result for hard spheres of uniform
size, Dy,//¢ =1/3, and eliminating Dy, from Eq. (5), there results

J (5)

P C_loomlnloo(l - O-) d L — Kn
3/Kn+4/ocM Jfm (3OCM/4—|—I(D)’

where Kn = //a. This equation recovers the free-molecule limit for Kn>1 and the continuum
limit for Kn<1. As we will show, it does not represent the transition region adequately, for it

(6)
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does not have the correct dependence on the Knudsen number. That is the same issue addressed
by Fuchs and Sutugin (1970) when they saw that flux-matching does not yield the correct
Knudsen number dependence.

Indeed, the transition regime is theoretically more difficult to analyze than the limiting cases
of large and small Knudsen numbers, but there has been extensive work on the problem since
Sahni (1966) developed a solution of the Boltzmann equation for neutron transport to a black
sphere. The neutron transport problem is analogous to that of condensation on a sphere when
the mass of the vapor molecule is small compared with the mass of a bath gas molecule. Based
on Sahni’s results, Fuchs and Sutugin (1970) proposed a widely used empirical correlation for
isothermal evaporation/condensation that yields the correct results in the asymptotic limits of
large and small Knudsen numbers and agrees with Sahni’s results in the transition regime.

Sahni (1980) extended his analysis to analyze droplet evaporation and condensation, and
Loyalka and coworkers published a series of papers dealing with the solution of the Boltzmann
equation to analyze droplet growth by condensation (Loyalka, 1973, 1982; Tompson & Loyalka,
1988; Loyalka, Hamoodi, & Tompson, 1989a, b). These solutions were for an isothermal system,
but Loyalka and Park (1988) developed an approximation for non-isothermal condensation based
on an extension of Mason’s (1962) formula for the continuum regime. Mason’s formula is based
on Egs. (1) and (4). Barrett and Clement pointed out the relevant solutions of the Boltzmann
equation based on the moment method of Lees (1965) used by Sampson and Springer (1969,
1970), Shankar (1970) and Lang (1983). Moment methods were introduced by Maxwell (1879)
to solve the Boltzmann equation, and many variations on that theme have been proposed. The
various moments of the molecular velocity distribution function yield bulk properties of the gas.

An alternate, but less accurate solution of the Boltzmann equation, was applied by Sitarski
and Nowakowski (1979) using the moment method of Grad. That method yields an equation
showing explicitly the dependence of the mass flux on the vapor/gas molecular weight ratio,
z=mi/m,, and the mass accommodation coefficient. Their solution for the isothermal mass flux

ratio, j/jfm, is

. 3p0 +2)° .
J Kn [1+ 43 1 52) Kn] o
Jim 49+ 10z) [ﬁ(l +2z) 1] .y 9(1 +z)? Kn*zj
157(1 +z)? n(3+5z) 28 8(3 + 5z)

in which f is related to the accommodation coefficient (or evaporation coefficient), o, and the
Knudsen number is related to the diffusivity, Dj,, by

o . 3[—1/10(1 +2)] Dy
“G_ay M K== —— T RG (8)

p

In a companion paper to this one, Qu and Davis (2001) applied the method of Grad, showing
that the model of Maxwell molecules yields results effectively identical to the model of hard
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spheres. Their result is

8B(1 + z)?
J 2 {1+5A1(3A2/A1+4z)Kn] ®
Jim 24, [1 16B8(1 +z) ] 24(1 +z)? an’

(l+z)  |f ' 51(342/4; + 4z) 541(342/4; + 4z)

where in this approximation the Knudsen number, Kn, is defined in terms of the mean free path
given by
/ 44, Dy

Kn_R_n(l—l—Z)Rc'l' (10)
Here A, and 4, have the numerical values 4;=0.42194 and 4,=0.43619 as shown by Gombosi
(1994) for Maxwellian molecules. Qu and Davis pointed out that there are several definitions
of the Knudsen number in the literature because of the different expressions used for the mean
free path.

We note that Eq. (6) does not have the theoretical dependence on the Knudsen number shown
by Egs. (7) and (9). In addition, Qu and Davis pointed out that the Fuchs—Sutugin interpolation
equation has the general form of Egs. (7) and (9) but does not indicate the dependence on the
molecular weight ratio, z. The form of these equations does not support the heuristic approach
of flux-matching. Although Eqgs. (7) and (9) yield results in agreement with those of Loyalka
and his coworkers in the near-continuum regime, they fail to approach the correct free molecule
limit. Nowakowski and Popielawski (1988) extended the analysis of Sitarski and Nowakowski
to analyze non-isothermal condensation for the model of hard sphere molecules. They obtained a
complicated equation for the mass flux ratio, j/jy, that is a function of the mass accommodation
coefficient, o, the thermal accommodation coefficient, ar, the molecular weight ratio, z, the gas
phase thermal conductivity, the latent heat of vaporization, and the Knudsen number.

As with the solution of Sitarski and Nowakowski, the continuum limit is correctly predicted,
but the correct free molecule limit is not recovered. They concluded that a more complete
set of moment equations is required to analyze the non-isothermal problem. They did not
apply their results to demonstrate the coupling between the mass flux and heat flux equations.
It is the purpose of this paper to extend the analysis of Qu and Davis to non-isothermal
evaporation/condensation in the near-continuum regime and apply the results to systems of
practical importance. In addition, the results are compared with results based on the solution of
Nowakowski and Popielawski.

2. Theory

Theoretical analysis of the Knudsen regime involves solution of the Boltzmann equation. For
quasi-steady state and no external forces the Boltzmann equation is (Gombosi, 1994)

af B 21 n ) o
G- /OO & /0 dg /O d0sin Ogs(g, 0)(f'fs — f72). (1)
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where r = (x1,x2,x3) is the position vector, ¢ and &, are molecular velocities of diffusing
molecules and bath molecules, respectively, f and f” are velocity distribution functions before
and after collision, respectively, ¢ is the azimuthal angle, 0 is the deflection angle associated
with molecular collisions, s(g,0) is the differential collision cross section, and g = | — &
is the relative velocity. For convenience we have neglected the subscript on the quantities
associated with the vapor molecules. We shall drop the subscript ‘1’ on the vapor molecules
unless otherwise indicated.

Following Qu and Davis, we consider Maxwell molecules (Maxwell, 1879) for which the
molecular interaction force takes the form F), = Kj»# e,, where r is the distance between
molecules undergoing collision, and K, is a constant. Gombosi has provided details of collision
theory for such inverse power law interactions and other models, so we need not repeat many
of his derivations and equations.

To make tractable the analysis of non-isothermal heat and mass transport in the transition
regime we have made a number of assumptions: (1) quasi-steady transport with zero bath gas
bulk velocity, (2) the rates of mass transport are sufficiently low such that both vapor and
gas molecular velocity distributions are not far from Maxwellian, (3) the gas/vapor mixture is
dilute, that is, n = n; <ny, (4) the latent heat associated with the phase change is transported
only in the gas phase, and (5) spherical symmetry. In addition, we must take into account the
accommodation coefficients for gas and vapor. For the gas molecules we shall take onp =0
and ot #0, and for the vapor molecules, and for the vapor molecules oy and ar; must be
specified. The assumption that ayp = 0 is equivalent to saying that the gas in not absorbed by
the particle.

For a dilute vapor—gas mixture the mean free paths, / and /,, of the vapor molecules and
gas molecules, are, respectively

. 1 SkTulz . 1 kT
/—471_”2\/;&2, and /2_27m2\/>nK22’ (12)

in which the reduced mass is p; = mm;/(m+ m;), and the subscript “22” in K, indicates that
the interaction is between two approaching gas molecules.

2.1. Solution of the Boltzmann equation for the bath gas

If the bulk velocity of the gas molecules is zero, £, =c¢,, in which ¢; is the thermal velocity,
and the relevant Boltzmann equation is

a 2 T ) ;! ~
P2 = [ @ [ ag [ avsin0g:ston 00 BT - 1) (13)

where the distribution functions f> and f , relate to molecules prior to collision, and the primes
denote post-collision distribution functions.
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Following Grad (1949), we expand the distribution function in terms of Hermite polynomials,
H™(v), around the local Maxwellian distribution,

Sar,c)= fg(r,C)ia(”)(r)H(”)(v)/n!, (14)

n=0

in which the Maxwellian is

3/2 _ 2
f3(re2) =m(r) [271-1}(”;(;»)] xp [2/{”71“2(?2)} (15)

Based on the method of Grad and using the moments of the distribution function, f, becomes

0 mapj o MSHhcy (. My o
f2=13 [1+2p2ch2,c2, 2pokT (1 5chz>]' (16)

The moments of the distribution function needed to describe macroscopic properties are
n(r):/ fdic, jl-(r):m/ & fdie, Pii(l’)zm/ cicifdic — p(r)d;,

p(r)= ;m/ A fdic = n(r)kT, Siji(r) = m/ cicjckfd3c, Si(r)= m/ cict fde.

Here n is the number density of molecules, j; is the ith component of the mass flux vector,
pij is the i—j component of the pressure tensor, p is the pressure, and moments S;;; and S; are
related to the heat flux as shown below.

Multiplying Eq. (13), successively by maca;, mac3, macyicaj, macyics and integrating over all
velocities, we obtain the sequence of the equations that must be solved to obtain the desired
macroscopic quantities,

0 paik L o(mpkT)
O0xy, ox;

oSy _
5xk -

0, 0,

1 [0Sy 08y 08y 34;_
e — 2225 by 1
5 <6xk i+ ox;  Ox; 8/, 2P (18)

and

kT Opair Tk 0T  5kTdp, 5k 0T Ay _
— ka— + —— — P2 = ——C28, 1
my Oxy + my Paik Ooxy  my Ox; Mo p2 Ox; 4/, €252 (19)

where ¢, = /8kT/nm, is the average molecular velocity of bath gas molecules.

For this spherically symmetric system we may write vector quantities in terms of scalar
functions of the distance from the origin, r, that is,

Su) =50, and - pa) =) (85 - 257 ) (20)
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Solving Egs. (18) and (19), it is found that d p,/dr is of higher order than d7/dr. Consequently,
if the system is not far from isothermal, we can consider the gas pressure, p,, to be constant
and obtain

- a
S = p2CZOOrT12a (21)
16 Knyoaq
= — 22
n 54,02 = (22)
and
T 2142611
— —1 bt S 2
Too + S5tKnyeot*’ (23)

where a; is a dimensionless constant to be determined, »* =r/R and Kn, =/3/R. The subscript
“00” means the quantities are based on the ambient temperature and pressure.

2.2. Solution of the Boltzmann equation for the vapor

Changing the independent variables in the Boltzmann equation from & to ¢ (Gombosi, 1994),
we obtain

(u; + Ci)g){ —(u; +¢j)

Multiplying this equation by any function of ¢, W = W (c), and integrating over c, there results

u_@(n(W>) n o(n{We;)) () ou; n Ou; <8W> n Ou; < 0W>

! 6x,- 6x,~ 6x,- nujgj Tc, n&TcJ oc;

ou; 0f _of

c
60,-

:/Ood3c/ood3c2 /Ozndqﬁ /0 d0'sin 0gs(g, 0 W' — W) fF. (25)

Here the average value of a quantity, W, is defined by

<W>:i/ Widie (26)

Now let W = m, mc;, mc?, mcyc;, mc*cy, respectively, to obtain the following system of
equations

Jji opij . Opi Ou;
= — = —24 K . )
ax; 0, ax, + o, + pu; axl 17 121120 U;, ( 7)
5(1/lip1) 1 651 2 au,- 2 aui 4 :LL%Z K12 1/2 5
R T A _4y Ki ’ ,
o 3an 3o 3a P T3 ) (28)
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Cpy) | 1[0, 35 208 | (Qu, du 25 o
Oxy, ox;  ox; 3 Y Oxy ox; o0x; 3 Y Oxy, P

ou; ou; 2 Ouy,
+ PikaTck + pjkaixk - géijpklaixl

1/2
o2 ( f ) [mn(3A2 —44,) <”u2 — Ui u,> — (42 + 4A12)Pz:i]
12

12
Hi2 K _ B
e (xm) n(44;, — 34;) pa; (29)

and

6(ukSl~) i 7kl apzk Tk oT Ouy, ou; 7 . Ou;

71 2 1 5
o m ove | m Doy, TPk S+ MeP o T 5ok ey

KT opy | Sk 0T
0x; mplaxi

2 Ouy 2 du
5S8k 5

2m
= — v, {OC(I)Sz’ — 8 + u (oc( ) pyj g )P2U>
many

many

+u; [(oc(z) + 30 py + 5 o %o py + mnou? } } (30)

where the coefficients vy, o). a®) are

1/2
Hi12 K]z (1) 1 2 2 A2
=21A e R = (3 2 ,
V12 Al — (M[z) ny o ( 2)2 m +m2+ mmgAl

1 A
2) — _ 2 _ a2
o n £ my) [2(711 my)° + my(m 3m2)AJ ,
1 A 2m? A
G) — ) 42 @__ M (5 A |
o n ) [(m my) +m2(3m+m2)AJ , o n + ) ( A1>’ (31)

in which 4; and A, are the constants given above.
For spherical symmetry the vectors j and S, and the tensor p have the forms

72

i i 3x;x;
O =), S =S, and () =n(r) (51-,-—’””), (32)
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where j(r), S(r) and n(») are scalar functions of the distance » from the center of the particle.
Substituting these expressions in Egs. (27)—(31), we obtain a set of differential equations listed
in the appendix as Egs. (A.1)—(A.4) that must be solved to obtain j(»), S(») and n(r).

These equations are still too complicated to solve directly analytically, but for most applica-
tions we can simplify the problem by expanding the moment functions in the following power
series of a small parameter &,

KT\ 2
p=psll +ep + 0], T=Ty[l+e0+0()], j=po <m> [ef + O(?)],

KT\ kT
S=poo <m> [6S"+ O(?)], and 5= poo7[877’ + O(?)]. (33)

Provided that the condensation/evaporation process is not too fast, we can truncate these
expansions, taking them to first order in ¢. Comparing 7/7,, in Eq. (33) with Eq. (23), we
have

2A2a1
0= _———"——. 34
O SaKngar (34)

Substituting the linearized equations into Eqgs. (A.1)—(A.4) and neglecting higher order terms
of ¢, we obtain the modified set of equations given in the appendix as Eqs. (A.5)—(A.7). Solving
these equations for the boundary conditions far from the surface, which are p., = p(r — o0)
and T, = T(r — o0), we obtain

. kToo 12 &ay kToo 32 eas

J = Poo <m> }"*2’ S—Poo <m> 7’*2’ (35)
_ A1pso 24,

P =pPoo+ (1 + 2)Knr [ 2meay 5A1(1 +Z)Va1] , (36)
 KngpockToo/m 64 1\ za; ) eas

1= "G4, + 44,2y {(15/12 - 5) - tverltz) (8“2 + ?) (37)

and
8a3_(322+1+22142/141) {4 (2_141>Z +d+2) yAJ’ (38)

where a; and a3 are integration constants, and y = Kn,,/Kn;... We may now treat ea, and &as
as new variables that need to be determined by applying the boundary conditions.
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2.3. Application of the interfacial boundary conditions

If o, the thermal accommodation coefficient for the bath gas, is the probability that a col-
liding gas molecule will leave with the particle surface temperature, 7, the boundary condition
at the particle surface is described as

0 00
Szi(R) = OlT2M) (/ CziC%f2d362 + / CziC%fgSCPCz) , (39)
0

—00

where /9 denotes the Maxwellian distribution of the gas molecules at the surface temperature.
Solving Eq. (39) and combining with Eqgs. (21)—(23), we obtain

1 A, 8Knoe, 24-a; T, \*?
i 1 4
(2ﬁT2 T SKme 54, )“1 < 577:Kn200> <Too> : (40)

where fr2 = ar2/(2 — o12).
Similarly, if « is the probability that an approaching vapor molecule will be absorbed on the
surface, the mass flux boundary condition is

0 0
j,-(R):ocm(/ .f,-fd3c+/0 5,~f§d3c>. (41)

Here f0 denotes the Maxwellian distribution function of the vapor molecules at temperature 7.
The vapor density at the surface is the saturation value, ps.
Using Egs. (35)—(38), the constants are related by

ps | T
E Epeay = 2, /25 —1 42
1nai + Léaz oo\ T > (42)
where
Ei Kn 64 1\z 8n(1 +z)?
T34 14412 \\154, 5]y " 5322+ 1 + 2245/41)

4222\ 32 220 oy Lo 22
X[ ( A1>Z ISR y]} SnKnpoe’

AR 24, 4Knoo(1 + 2)?
b= \/g [ﬁ P Kno(1+2) | 3y + 44,z
and f is given by Eq. (6).

To calculate the constants, it is necessary to include the energy balance equation at the
surface, that is,

4j(R) +q(R) =0, (43)

where 4 is the latent heat (J/kg), and ¢ is heat flux. Since 4 is a positive quantity, j and ¢ have
opposite signs. We have excluded the effects of radiant energy transfer to or from the droplet
in the energy balance, but the radiant energy flux can be added to the heat flux to provide a
more general theory.
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In the absence of radiation energy transfer, the heat flux is related to S and S, by

g(R) = JIS(R) + SH(R)]. (44)

Because n<ny, S(R) is negligible compared with S;(R). Thus, using Egs. (21)—(23), (43)
and (44), we obtain

eay = Eyiai/4, (45)
where
2z kT
= | KT P2
T M Poo

We now have Egs. (40), (42) and (45) involving the unknown interfacial temperature, T,
and the parameters a; and ea,. This system of equations can be solved easily with a numerical
method such as MATLAB, but we need to input information about the vapor pressure as a
function of temperature to determine the saturation density.

2.4. Additional simplification

To obtain a useful, but more restricted, expression for the condensation/evaporation rate, we
can make some additional simplification. If the system is not far from isothermal, we may write

T
T

=140, (46)

where 0 is a small number. Expanding related terms such /7s/T, in power series of 05, and
neglecting higher order terms, we obtain

95 = F]d], (47)
where

1 2A2 1 6Kn200

F —
1= 38 T SaKme | 154

Using Eq. (47), Eq. (42) simplifies to

n n
Epeay + (E”_ZI/ISF1> Cllzfs—l. (48)
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Combining this result with Eq. (45), we obtain

ns/Moo — 1

(49)

(50)

Note that parameters a; and a, have complicated, but explicit, dependence on the Knudsen
number through the parameters E;;, Ej; and F). In addition, the effects of the accommodation
coefficients, o and or, are explicit.

Finally, we obtain an expression for the evaporation/condensation rate, which is

kToo (noo - ns)

AR 2
m= —4nR"j =4nR*m m +i EE_E . (51)
- 11
For Kn<1, and using the approximation y = Kn,,/Knyo, =1, Eq. (51) reduces to
— -1
1 = m*R°mé 1 Kny, (100 = 115) = *R?¢, Knqo ps (-1 ,
Ay +A2Qc s A, +A2Qc l—i—l
l1+z 10z \nso l+z 10z \o

(52)

where Q. is the dimensionless latent heat defined by Q.= poomAi/ p2kTs, and o is the saturation
ratio discussed above. This parameter determines how close the simultaneous heat and mass
transfer process is to isothermal.

If Q. is sufficiently small, it can be neglected in Eq. (52). This is equivalent to isothermal
behavior, and in this case Eq. (52) reduces to the classical result for the continuum regime,

mcont - 47TRD12m(noo - ns) = 47IRD12,OS(O- - 1): (53)
where the diffusion coefficient is related to ¢ and /., by
Dip (I+2)n
= . 54
C1l 44, (54)

This expression is the same as the result of Qu and Davis for the isothermal case. Writing
Eq. (52) in terms of the diffusion coefficient based on Eq. (54) the evaporation/condensation
rate becomes

(e —-1)

e |

m= 47'ERD12pS

(55)
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3. Discussion of results and applications

The first observation one can make is that flux-matching and simple resistance approaches to
describing simultaneous heat and mass transfer in the transition regime are overly simplistic.
They do not predict the correct Knudsen number dependence and do not take into account the
molecular weight ratio and the accommodation coefficients appropriately. In addition it is clear
that the method of Grad used in the theoretical development is not adequate as the free-molecule
regime is approached, but it should yield a good approximation in the near-continuum region.

For evaporation/sublimation processes the rates given by Egs. (52) and (55) are always lower
than the corresponding isothermal rates because the terms involving Q. are always positive. To
compare these results with previous approximations it is convenient to expand the term (1/o+1)
using a linearization of the Clausius—Clapeyron equation, which relates the vapor pressure to
temperature. One obtains the approximation (1/ + 1) ~ im/kT,, and Eq. (55) becomes

(c—-1

LA +2) poe (Y|
10 Avz p2 \Klw

m :47'ERD12pS (56)

Here po is the partial pressure of vapor in the bulk gas. This result can be compared with
Mason’s formula for the continuum regime, which is

(c—-1)
)ulezpsm ’
[( kT2 >“}

If kinetic theory is used to relate the gas thermal conductivity and the diffusivity to molecular
parameters such as presented in Chapman and Cowling (1953) or Bird, Stewart, and Lightfoot
(1960), Egs. (56) and (57) have a similar form. This can be illustrated by introducing the
Chapman—Enskog diffusivity approximation for hard spheres,

3 K3T3
Dy, = = 58
27 8oty | 2muns (%8)

and the approximation for the dilute gas thermal conductivity given by

m :47'ERD12ps (57)

15 k [k

fy = = K [Kloo
4 ngs \| mmy

(59)

Here o1, = (01 + 02)/2, where g, and o, are the molecular diameters of the vapor and gas
molecules, respectively.
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Fig. 1. Comparison between the results based on the solution of Nowakowski and Popielawski (1988) for hard

spheres and this work for Maxwellian molecules for water droplet evaporation in dry nitrogen at 283.2 K and
atmospheric pressure assuming o = oy = 1.

Substituting these approximations in Mason’s formula, it becomes

-1

1 = 4nRD1ap, o= 1) — (60)
n(ﬂz) (1+Z)ps(i'n> i

10v/1 4z \ 012 Vz  p2 \kTw
which is similar in form to Eq. (56) and yields similar results.
Barrett and Clement obtained a result for the continuum regime that is more accurate than
that of Mason when the gas—vapor mixture is not dilute, for they used a more accurate diffusive
vapor current that becomes more important for large vapor concentrations. That is, they included

the so-called Stefan flow in their expression for the vapor flux. Provided that the droplet is far
from its boiling point the corrections incorporated by Barrett and Clement are very small.

3.1. Comparison with the hard sphere model

Qu and Davis showed that for isothermal processes the hard sphere and Maxwellian molecule
models yield essentially identical results based on solving the Boltzmann equation by the
method of Grad. Such is not the case for non-isothermal processes, and this is shown in
Fig. 1. The figure presents a comparison between the results of the Maxwellian model of this
paper and the hard sphere model used by Nowakowski and Popielawski. The conditions are
T =283.2K, po = 101,325 Pa for water droplet evaporation in dry nitrogen. The mass and
the thermal accommodation coefficients are both taken to be unity, and the Knudsen number
indicated on the figure is the so-called standard Knudsen number, Kny, defined by,

! 6 D12

Kno = 2 =G re (oD
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The relationships between various Knudsen numbers were presented by Qu and Davis. The
ordinate in Fig. 1 is the mass flux ratio, j/jgm.

The two models yield identical results for Kng < 0.1, but at higher Knudsen numbers the
results are sensitive to the molecular interaction model used. The hard sphere model predicts
higher mass flux ratios, and both fail in the free-molecule regime. Besides the model difference,
there is another difference that affects the results. Nowakowski and Popielawski assumed that
the bulk velocity of vapor molecules is zero, but we have relaxed this assumption to take into
account the motion of vapor molecules.

The effects of the model dependence and the method of solution of the Boltzmann equation
have been examined in a number of papers in which the momentum slip, thermal slip and
temperature jump have been examined for the near-continuum regime. For example, if one
defines a thermal slip velocity (or thermal creep velocity) by

T
=G (62)
where Cy. is the thermal creep coefficient, Maxwell’s model yields Ci. = 3/4. Loyalka and
Cipolla (1971) and others studied the problem of thermal creep. The equivalent result obtained
by Loyalka and Cipolla using the BGK model of the Boltzmann equation is

Cie = 3(5 + 0.26620r). (63)

Additional comparative studies of temperature jump and thermal creep were reported by Loyalka
(1968,1989). All of these investigations indicate that Maxwell’s result gives lower thermal creep
coefficients than other models.

3.2. Water droplet evaporation

There exists very little evaporation and condensation data obtained under precisely con-
trolled conditions of temperature and pressure that exhibit significant non-isothermal behavior,
particularly in the non-continuum regime. As indicated by Qu and Davis, there are a number
of sets of evaporation rate data for low-volatility species, but these exhibit isothermal behavior.
However, Taflin, Zhang, Allen, and Davis (1988) reported evaporation measurements of single
water droplets that showed non-isothermal effects. They trapped single water droplets in an elec-
trodynamic balance and made angular light scattering measurements to determine the droplet
size as a function of time by comparing the data with Mie theory. The droplets were injected
into bone dry air at atmospheric pressure, and a slight air flow through the balance chamber
maintained the humidity at essentially zero. The rapid evaporation produced significant chilling
of the droplet, which was demonstrated by comparing the evaporation rate data with theory for
isothermal evaporation in the continuum regime and with analysis based on solving Egs. (1)
and (4).

Fig. 2 presents experimental data for two water droplets evaporating in dry air at bulk tem-
peratures of 283.2 and 293.2 K, respectively. The droplet in air at 293.2 K had an initial radius
of 21.9 um, and the other droplet had an initial radius of 28.3 pum. Also shown in the figure
are the solutions based on Eq. (1) assuming isothermal behavior, the solutions obtained using
Egs. (1) and (4) for non-isothermal behavior, and the results based on the solution of the



X. Qu et al. | Aerosol Science 32 (2001) 1315-1339 1331

1200
1000 + Data of Taflin et al. (1988) T..=283.2K
® Data of Taflin et al. (1988) T.,=293.2K
800 ¢
o This Work
£
3600 0 N SSS~—_lie o mm==— Continuum Theory
(r\J': L ——==—lsothermal
400 s
N\, Te-2882K >
~
200 . NN \\
AY ~ A
Tw=2932K °~
bl ~
0 1\ 1 \n 1 L 1
0 1 2 3 4

TIME, s

Fig. 2. Comparison between theory and experiment for water droplet evaporation at atmospheric pressure in dry air.

system of equations developed herein. We note that the smallest droplet radius was about
10 um, so the system was in the continuum regime. The data fall between the two theories,
and the new theory predicts a somewhat lower evaporation rate than the classical theory. The
interfacial temperature predicted from the new theory is lower than that calculated from classical
theory. For the droplet in air at 293.2 K the predicted interfacial temperatures are 277.8 K based
on the classical solution and 273.1 K based on this work. For the droplet in air at 283.2 K the
corresponding interfacial temperatures are 272.7 and 268.6 K.

Because of the complicated coupling among the equations developed here for the heat and
mass fluxes it is not obvious why kinetic theory predicts a lower evaporation rate, but there
are several issues that can account for it. The classical theory applied here neglects the bulk
velocity of vapor, but the kinetic theory analysis takes into account such transport, so some
small differences can be expected in that respect. The relatively large decrease in the interfacial
temperature puts into question the assumption that the temperature does not deviate greatly from
the bulk gas temperature, that is, that the perturbation 0 defined by Eq. (47) is sufficiently small.
It is also possible that the molecular model used underestimates the rate of heat transfer to the
droplet thereby leading to a lower interfacial temperature. The isothermal case, which does not
involve interfacial cooling, appears to be in reasonably good agreement with evaporation data for
low-volatility species, as shown by Qu and Davis. Consequently, it appears that the interfacial
temperature differences between continuum theory and kinetic theory are related to differences in
the energy transport rates. For higher values of the relative humidity (RH) and for lower vapor
pressure particles the gas kinetic theory can be expected to be a more reasonable assumption,
for the thermal effects can be expected to decrease as the evaporation rate decreases.

3.3. Ice sublimation
Swanson, Bacon, Davis, and Baker (1998, 1999) and Bacon, Swanson, Baker, and Davis

(1998) used electrodynamic levitation techniques to measure growth and sublimation rates
and light-scattering phase functions of single ice particles having various sizes and shapes
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Fig. 3. Calculations of ice sublimation for upper tropospheric conditions corresponding to the continuum regime for
Too =2232K, p=26,500Pa, py,0=2.5Pa (RH=64%), ar =a=1.

under tropospheric temperature and humidity conditions. Swanson et al. demonstrated that,
under certain conditions of temperature and humidity, measurements of ice particle growth and
sublimation rates of irregular frost particles and hexagonally habited ice particles are consistent
with the standard quasi-steady-state model of diffusion-controlled transport for spheres, which
yields the equation

2D12p1(Ts0) (1-0)
R* =R} _ 12 {— 1), 64
0 Pice 1+}~D12p1(Too)< 7 _1):|( 0) ( )
KT oo RT

in which Ry is the radius at time #,, p1(7 ) is the vapor density at T, and pj. is the density
of ice.

Although the experimental conditions of Bacon et al. and Swanson et al. correspond to
the continuum regime since they operated their chamber at atmospheric pressure, ice sublima-
tion in the stratosphere occurs at much lower pressures. Consequently, the process is in the
non-continuum regime for smaller particles. It is of considerable interest to understand such
atmospheric processes. To this purpose we have applied the new theory to explore sublimation
rates at the temperatures and pressures of the stratosphere. It has been traditional to apply con-
tinuum theory to such processes. In the following we consider some examples of computations
using the analysis developed here.

For comparisons let us take a base case using representative conditions in the upper tropo-
sphere at 10 km above sea level where the temperature is 223.2 K and the pressure is 26,500 Pa.
The partial pressure of water vapor in the surrounding air is taken to be 2.5 Pa (relative hu-
midity, RH = 64%). The mean free path of water vapor molecules is ~ 0.4 um under these
conditions. If the initial radius of the ice particle is 100 um, our analysis and the classical
continuum theory yield the results presented in Fig. 3, a graph R? versus time. In this case
the system is in the continuum regime over the size range shown. We have neglected the
Kelvin effect in the computations since this effect is appreciable only when R < 0.5 um, but it
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Fig. 4. Calculations of ice sublimation for upper tropospheric conditions corresponding to the non-continuum regime
for Too =2232K, p=26,500Pa, py,0o=2.5Pa (RH=064%), ar =0 =1.

can readily be included by correcting the interfacial vapor pressure for the surface curvature.
The sublimation rate is so low at 223.2 K that the system is very nearly isothermal, and the
two theories yield very similar results for these conditions. However, if we consider a much
smaller initial particle radius, say 1 pm, under the same conditions of pressure and temperature,
differences between the classical theory and our kinetic theory become significant, as shown
in Fig. 4. Again we have neglected the Kelvin effect, which can be expected to increase the
sublimation rate for sub-micrometer particles because of the increase in vapor pressure over
the curved surface. The differences shown in the figure primarily result from non-continuum
behavior at the smaller sizes, and the linear relationship between R? and time is not followed
over the course of the sublimation.

The effect of particle size (or inverse Knudsen number) on the ‘life span’ of an ice particle
is illustrated in Fig. 5 for the base case. The life span is the time required to sublime from an
arbitrary initial radius (the abscissa) to zero size. Again we have neglected the Kelvin effect,
but it can be expected to shorten the life span somewhat. If the initial size of the particle is
sufficiently large, say 100 um, the Kelvin effect will have little effect on the life span, but for
small initial sizes it should be included. There is relatively little difference between classical
theory and kinetic theory for the conditions used for Fig. 5.

It is interesting to examine the effect of relative humidity on the sublimation process,
and Fig. 6 shows the effect of RH on the life span of an ice crystal having an initial ra-
dius of 100 pm under the pressure and temperature conditions of the base case. There is a
sharp increase in the life span predicted as the relative humidity exceeds 80%.

For the previous figures, both the mass and the thermal accommodation coefficients were
assumed to be unity. Field studies show that large concentrations of small ice crystals can be
found over broad regions in the upper troposphere and lower stratosphere (Heymsfield & Platt,
1984; Heymsfield, Miller, & Spinhirne, 1990; Arnott, Dong, & Hallett, 1994; Peter et al., 1994,
Strom & Heintzenberg, 1994) and that these crystals are observed to persist at low relative
humidities. There is considerable interest in the lifetime of ice particles when the presence of
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organic and inorganic surface coatings may effectively lower the accommodation coefficients,
thereby slowing the sublimation rate (Peter, Miiller, Crutzen, & Deshler, 1994; Peter & Baker,
1996). Fig. 7 shows the effect of accommodation coefficients on the life span of an ice par-
ticle for the base case conditions of temperature and pressure. Decreasing the accommodation
coefficients has relatively little effect on the life span for o and ar, greater than 0.01, but for
smaller values of o the life span is significantly increased. The mass accommodation coefficient
has a larger effect on the transport processes than the thermal accommodation coefficient.
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At the low temperatures of the upper atmosphere the ice sublimation process is very nearly
isothermal, but at lower altitudes and higher temperatures the process becomes non-isothermal.
To illustrate the effect of the ambient temperature on the sublimation process let us change
the parameters to represent the conditions at 5 km above sea level where the air pressure is
54,048 Pa, varying the ambient temperature. Fig. 8 shows the ice particle surface temperature
as function of the ambient air temperature for sublimation in bone dry air. The radius of the
ice particle is taken to be 20 um, and we assume o = oy = 1. As expected, the higher the
ambient temperature, the faster the sublimation, and the larger the temperature difference. When
the ambient temperature is about 250 K, the temperature difference exceeds 3 K, which can be
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considered to be non-isothermal. When the ambient temperature is the typical air temperature
at 5 km above sea level, 255.7 K, the temperature difference is 5.6 K. Since the vapor pressure
is strongly dependent on the surface temperature, the sublimation rate is significantly altered by
a change of 5.6 K.

4. Summary

The method of Grad has been applied to investigate non-isothermal evaporation/condensation
and sublimation processes in the near-continuum regime. Although the results for isothermal
processes are relatively insensitive to the molecular interaction model used, non-isothermal
processes appear to depend on the model used in the solution of the Boltzmann equation.
Evaporation rates predicted here are in reasonable agreement with water droplet evaporation
measurements for the continuum regime, and illustrative calculations of ice sublimation in the
upper atmosphere indicate that both non-continuum behavior and non-isothermal behavior can
occur under some conditions of temperature and pressure. From a theoretical point of view
this analysis shows that flux-matching approaches and resistance models for simultaneous heat
and mass transfer in the transition regime are not adequate to predict the Knudsen number
dependence and the dependence on the molecular weight ratio.
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Appendix

The equations describing the scalar functions j(r), S(r) and »(r):

dj |2 dp 6n  dpy  jdji dp nyj
AN W A B e D )| K — Al
dr + r 0 e r dr + pdr p?dr e (A-D
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Again we point out that un-subscripted parameters and variables such as S, j, n, p, and 5 refer
to the vapor, and the subscript 2 refers to the bath gas.

The linearized equations:

dj/ 2f dy/ n  1dp/ 1d0O Ay i j ds’ 28’
== e e e = A.
dr*+ r* 0, dr*+3r* 2drs  2dr* /27 m Kn’ dr*+ r* 0 (A-3)
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2
_ k1 / 64 1Y zKnyooay
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and
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